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Abstract

In this paper, we use the optimal homotopy analysis method (OHAM) for approximate solutions of the fractional
order Logistic equation. The numerical results obtained are compared with the results obtained by using variational
iteration method (VIM) and Adomian decomposition method (ADM). The fractional derivatives are described by
Caputo's sense. Exact and/or approximate analytical solutions of these equations are obtained. The results reveal that
this method is very effective and powerful to obtain the approximate solutions. Copyright © acascipub.com, all
rights reserved.
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1- Introduction

The subject of fractional calculus and its applications (that is, the theory of integrals and derivatives of any arbitrary

real or complex order) has gained considerable popularity and importance during the past three decades or so,
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mainly due to its applications in diverse fields of science and engineering. Recently, the nonlinear oscillation of
earthquakes can be modeled with fractional derivatives.

In recent years, fractional differential equations (FDEs) have found applications in many problems in physics and
engineering [1-4]. Since most of the nonlinear FDEs cannot be solved exactly, approximate and numerical methods
must be used. Some of the recent analytic methods for solving nonlinear problems include the Adomian
decomposition method (ADM) [5-6], Homotopy-perturbation method (HPM) [7-8], variational iteration method
(VIM) [9-10] and homotopy analysis method (HAM) [11]. The Homotopy analysis method (HAM) [12-21] is a
general analytic scheme to get series solutions of various types of linear and nonlinear equations. In this work, we
will implement the optimal homotopy analysis method (OHAM) to obtain the numerical solutions of the following
fractional order logistic equation of the form considered in [22-25].

El-Sayed et al. [22-23] and Sweilam et al. [24-25] were concerned with the fractional-order logistic equation. They
studied the stability, existence, uniqueness and numerical solution of the fractional order logistic equation.

The aim of this paper is to directly extend the (OHAM) to consider the numerical solution of the fractional order

logistic equation of the form

DCRAWYE HAID =AM &0, 0 HOW1L, &0 @)

with initial condition

KOOHE ;. 1.2)

The fractional derivatives are considered in the Caputo sense. The general response expression contains a parameter
describing the order of the fractional derivative that can be varied to obtain various responses. In the case of o =1,

Eq. (1.1) reduces to the classical nonlinear logistic equation.

The paper has been organized as follows. In Section 2, a brief review of the theory of fractional calculus will be
given to fix notation and provide a convenient reference. In Section 3, we give analysis of the OHAM. In Section 4,
we extend the application of the OHAM to construct numerical solution for the fractional order logistic equation.

Conclusions are presents in section 5.

2- Definitions of fractional derivatives and integrals

In these sections, we give some definitions and properties of the fractional calculus. Several definitions of fractional
calculus have been proposed in the last two centuries. There are many books [1-4] that develop fractional calculus
and various definitions of fractional integration and differentiation, such as Grunwald-Letnikov's definition,
Riemann-Liouville definition, and Caputo's definition and generalized function approach. For the purpose of this
paper, the Caputo's definition of the fractional differentiation will be used, taking the advantage of Caputo's
approach that the initial conditions for fractional differential equation with Caputo's derivatives take on the

traditional form as for integer-order differential equation.

Definition 2. 1. A real function /At @0 , s said to be in the space Cs PE R if there exists a real number



International Journal of Advanced Mathematics and Physics
Vol. 1, No. 1, December 2013, PP: 01 -09
Available online at http://acascipub.com/Journals.php

P &% suchthat MIOEE /M) where /MmN CO, O and it is said to be in the space C % if and only
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Definition 2.2. The Riemann-Liouville fractional integral operator 1R of order ©@X0, of a function

he C#,,u > —1 isdefined as

1
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=08 s the well- known Gamma function. Some of the properties of the operator J“ , which we will need here,

are as follows:
1) J*IPh(t) = I“*Ph(t),
@ J%I7h(t) = I7I°h(t),

(3) Jat;/_ T'(y+1) ta+y.

T T(a+y+l)
Definition 2. 3. The fractional derivative (D“) of h(t) inthe Caputo's sense is defined as

Dh(t) = ﬁ [[t-n)h®()ae -

forn-1<a<n, neN ,t>0, heC".
The following are two basic properties of Caputo's fractional Derivative [4]:

() Let heC",neN. Then D*h,0<a <n iswell definedand D“heC_,.

@) Let Nel WO, nE N and heC;,,uZ—l. Then

(J“D“)h(t) = h(t)—nzh<k>(o+)tk—l. 2.3)

3- Basic idea of optimal homotopy analysis method (OHAM)

For more clarifications about these basic ideas of the OHAM for nonlinear partial differential equations. It's better to

see the following nonlinear partial differential equation:
N[u(x, )] =0, (3.1)
Where N is a nonlinear operator for this problem, X and t denotes the independent variables, and 73 40

is an unknown function.

Through using the HAM, we first construct zero-order deformation equation
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(1-a)e(x.t;0) — U, (x, )] = ahH () N[ #(x, 1, )], (32
Where ( €[0,1] is the embedding parameter, h = 0 is an auxiliary parameter, H(t) # 0 is an auxiliary
function, ¢ is an auxiliary linear operator, uo(x,t) is an initial guess, at =0 and =1, we have
o(X,1;0) =uy(x,t),  d(X ;1) =u(x,t). (3.3)

By considering a Taylor series expression of ¢(X,t,q) with respectto ¢ in the form

$(x,t,9) =, (X, 1) + D _u, (x,1)q", (3.4)
m=1
where

10" ta)

u,(xt)= - p

q=0" (3.5)

the initial guess, the auxiliary function H(t) and the auxiliary parameter h are selected such that the series

(3.4) isconvergentat =1, then we have from (3.4) Liao [10] and [11]

®
(R 1 1 €X; U € 10
me (3.6)
We give the definition of the vector

L&D‘lﬁ%‘kﬂ)ulfkll)tlzf)ct() ..... , Un O, 10k (3.7)

Differentiating (3.2) m times with respectto ( , then setting =0 and dividing then by m! , we have the

" _ order deformation equation

fuy, (1) = XUy (O] =hH (OR, (U,7,), (3.8)
where
; 1 LN €A £ g
R W, O g Ra
(3.9
and
0 m<l,
X, = (3.10)
{1 m>1.
Applying the integral operator on both side of (3.8), to get
t
Uy O 1O B, U5 X 1O =DV HRUR , V>,
0 (3.11)
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the m" order deformation Eq. (3.8) s linear so we can solve it easily, especially by means of symbolic

computation software such as Mathematical.
S.J. Liao [26], Yabushita et al. [27] and Mohamed S. Mohamed et al. [28, 29] they suggested the so called
optimization method to find out the optimal convergence control parameters by minimum of the square residual

error integrated in the whole region having physical meaning. Their method depends on the square residual error.

Let A(h) denote the square residual error of the governing equation (3.1) and express as

A(h) = [ (N[u®Dde, (3.12)
where
m
Uy, () = U (1) + D u, () (3.13)
k=1
And the optimal value of h is given by solving the following a equation as:
—— HO.
dh (3.14)

4- Solving fractional order logistic equation by the optimal homotopy analysis method
(OHAM)

In this section, to demonstrate the effectiveness of our approach, we apply the OHAM to construct approximate

solutions for the nonlinear fractional order logistic equation of the form

DO AN =AM (B0, 0 DO1, 50

(4.1)
with initial condition

KOOHE ;. 4.2)

The exact solution of this equation for ©H1, the ODE case, is

ot
€
u(t) = (4.3)
1+e”

Accordingly, and by the initial conditions (4.2), we can choose

Lo QUHE KOOH X

as the initial guess of KK , and we choose the auxiliary linear operator
O<A) 0> | DGR g3

with the property OUH O, where Cis an integral constant.
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Finally, for simplicity, we choose HWEL s the auxiliary function. Hence, we construct the zeroth-order

deformation equation

Q =qgBQRD gO= 1, (RO | g VKD t8) (4.4)
where
NVRY g8 | DNV g9 = YR) U =4F A g @s)

Differentiating (4.4) /7. times with respectto 4 , then ¢ =0 ang finally dividing them by M, we have the

Mt/ -order deformation equation

O, W=, U, MO H/R , N,

(4.6)
where
: < MUK gU8)
R 07, Od—1 T
=10 < @)
From ( 4.4€ and @.7¢C e have
me
R mdeoaD@Umes’L Zwmzi Uj Une &
s 4.8)

Applying the fractional integral operator, J@, to both sides of (4.6), we obtain
U W B, Uy 0 QI=BIR , N, Q m A1,

The first two terms of the HAM series solution are as follows:

l@
u, OO GRX, =% 8 or—=y

U, QO Q =1 Q=P RO =0 WX @/1012—

=N E=10
and
u, QUE Q (=1 QU=1% /7 =X WXy &1 QUIY/?3 =X WX, =143
, BO =AC=1
@(30-8 % £%0 8 T o 1008 10

Hence, the HAM series solution of the initial-value problem (1.1) and (1.2) can be given by
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LR L Q=T U=, QUL U=, “s)

And so on setting hEa and o =1 ; We get an accurate approximation solution in the following form:

Uspp Faom Bl Brpy B By By By -

The series (4.9) contain the auxiliary parameter h . The results (4.9), is the same approximate solutions obtained by
Sweilam et al. [24-25].
To investigate the influence of h on the convergence of the solution series given by the HAM, we first plot the so-

called h -curves of ALY According to the h -curves, it is easy to discover the valid region of h . We used

3
4 terms in evaluating the approximate solution U(X;t) = Zui (X,t) . Note that the solution series contains the
i=0

auxiliary parameter h  which provides us with a simple way to adjust and control the convergence of the solution
series. In general, by means of the so called h -curve i.e., a curve of a versus h . As pointed by Liao [12], the

valid region of h is a horizontal line segment. Therefore, it is straightforward to choose an appropriate range for

h  which ensure the convergence of the solution series. We stretch the h -curve of U ' (0) inFig. 1, which

shows that the solution series is convergent when —2 < h <0 .

—4 =1 -2 —1 o i =

h-curve

Figl. The h -curve of the three order approximate solutions @.9C when t = 0,a=1.

As mentioned in section 3, the optimal value of h is determined by minimum of Oy, corresponding to the

. . . dA . . -
nonlinear algebraic equation =0 , our calculations showed that, dA, has its minimum values at

h =-0.834348
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Fig. 2. The exact solution (4.1) Dashing line (--- --- ) is compared with the approximate solution (4.9) (--------- ) when

h= -0.834348 , p=x,=05 and o = 1,

5- Conclusion

In this work, the OHAM was applied to derive exact and approximate analytical solutions of nonlinear fractional
initial-value problems FIVPs. So, the OHAM can be applied to solve linear/nonlinear fractional differential
equation. In conclusion, OHAM provides accurate numerical solution for nonlinear problems in comparison with
other methods. This scheme provides us a simple way to adjust and control the convergence of the series solution by
choosing proper values of auxiliary and homotopy parameters. In conclusion, HAM gives accurate approximate
solution for nonlinear problems in comparison with other methods.. Mathematical has been used for computations in

this paper.
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